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Assuming the existence of a scalar field which undergoes “ghost condensation” and which has a
suitably chosen potential, it is possible to obtain a non-singular bouncing cosmology in the presence
of regular matter and radiation. The potential for the ghost condensate field can be chosen such
that the cosmological bounce is stable against the presence of anisotropic stress. Cosmological fluc-
tuations on long wavelengths relevant to current cosmological observations pass through the bounce
unaffected by the new physics which yields the bounce. Thus, this model allows for the realiza-
tion of the “matter bounce” scenario, an alternative to inflationary cosmology for the generation
of the observed primordial fluctuations in which the inhomogeneities originate as quantum vacuum
perturbations which exit the Hubble radius in the matter-dominated phase of contraction.
PACS numbers:
I. INTRODUCTION
The inflationary universe scenario [1, 2] is the current paradigm for early universe cosmology. While phenomeno-
logically successful, inflationary models face various conceptual problems (see e.g. [3]), most notably the singularity
problem [4]. Hence, it has been of great interest to construct nonsingular bouncing cosmologies (for a recent review
see e.g. [5]).
It is possible that a nonsingular cosmological bounce is followed by a period of inflation (see e.g. [6] for an example).
However, it is also of interest to explore alternatives to inflation which could result from a bouncing cosmology. In
[7, 8] it was realized that quantum vacuum fluctuations which exit the Hubble radius in a matter-dominated phase of
contraction obtain a scale-invariant spectrum of curvature fluctuations on super-Hubble scales. Provided that on the
large scales corresponding to current cosmological observations the fluctuations pass through the bounce unaffected by
the new physics which yields the cosmological bounce, then we have a mechanism alternative to inflation for producing
a scale-invariant spectrum of cosmological perturbations. This alternative is called the “matter bounce scenario” (see
e.g. [9] for introductory reviews). The matter bounce scenario can be distinguished from simple inflationary models
through the shape and amplitude of the bispectrum, the three-point function of cosmological perturbations, which
has a special shape and an amplitude which is large compared to what results in simple inflationary models [10].
From the Penrose-Hawking singularity theorems [11] it is clear that new physics is required in order to obtain
a cosmological bounce. There have to be modifications either to the gravitational action, or else matter which
violates the usual energy conditions has to be introduced. There have been various suggestions on how to obtain a
cosmological bounce by means of modifying gravity. For example, the “non-singular Universe” construction of [12]
yields a cosmological bounce, as does the ghost-free higher derivative gravity action of [13]. It is also possible to obtain
a bounce in the context of “mirage cosmology” where our space-time is a brane moving in a curved higher-dimensional
background space [14]. As was realized in [15], in the presence of spatial curvature a cosmological bounce also occurs
generically in Horˇava-Lifshitz gravity [16].
If we maintain General Relativity as the theory of space-time, then a cosmological bounce can also occur if we
suitably modify the matter sector. A generic way of obtaining a bounce is to add to the usual matter sector which obeys
the standard energy conditions a “ghost” sector with opposite sign kinetic energy terms in the matter Lagrangian.
This class of models is called “quintom” models [17] and can lead to a bounce [18]. One way to realize a quintom
bounce is by considering a scalar field ϕ with standard kinetic term and with mass m and adding a ghost scalar field
ϕ˜ with mass M ≫ m. This model was considered in detail in [19]. A specific realization is in the context of the scalar
field sector of the Lee-Wick Standard Model [20], as studied in [21]. A serious challenge for all models with a ghost
field is the ghost instability problem (see e.g. [22]).
All analyses of the evolution of cosmological fluctuations through non-singular bounces (e.g. [23] in the case of the
model of [13], [14] in the case of a mirage cosmology bounce, [19, 21] in the case of quintom models and [24] in the
case of the Horˇava-Lifshitz bounce) indicate that the spectrum of the curvature fluctuations does not change during
the bounce phase on length scales larger than the duration of the bounce.
2There are two serious problems for matter bounce scenarios. The first is the fact that some bounces are unstable
to the presence of radiation, the reason being that the energy density of radiation increases faster as the universe
contracts compared to the increase in the effective energy in the terms yielding the bounce. In particular, this was
shown [25] to be a serious problem in the case of the bounce in the Lee-Wick model, and the problem will likely also
be serious in other models in which the ghost field yielding the bounce is a scalar field. In contrast, models which are
based on asymptotically free gravity models such as [12] and [13] will be free from this problem, as is the bounce in
Horˇava-Lifshitz gravity.
An even more serious problem is the instability of the contracting pre-bounce phase to the presence of anisotropies
since the energy density in anisotropies scales as a−6 (a(t) being the cosmological scale factor) compared to a−4 for
radiation 1. This implies that the cosmological bounce cannot be described in terms of a homogeneous and isotropic
background.
In this paper, we present a ghost condensation model in which a cosmological bounce can be obtained. Since there
is no ghost in the perturbative spectrum of the theory, the model is free from the ghost instability problem of [22].
The model is also free from the two problems we just mentioned above. The effective equation of state of the ghost
condensate is w > 1 and hence, as studied in [27] in the context of the Ekpyrotic scenario [28], the anisotropies do not
come to dominate and the cosmological background remains well described in terms of a homogeneous and isotropic
metric.
Ghost condensation was proposed [29] as a theoretically consistent modification of gravity in the infrared. It is
based on the analog of the Higgs mechanism in the kinetic sector of a scalar field Lagrangian. The kinetic term X of
the scalar field φ, i.e.
X ≡ −gµν∂µφ∂νφ (1.1)
where we are choosing the metric signature to be (-, + + +), appears in the Lagrangian in terms of a function P (X)
with a nontrivial minimum, such that the leading term in X in the Lagrangian has the “wrong” sign, i.e. appears as a
ghost. If the function P (X) has a non-trivial minimum at X = c2 (the “ghost condensate”) and the field configuration
takes on this value, then fluctuations about this configuration have normal kinetic term. Thus, there is no ghost in
the spectrum of fluctuations about the ghost condensate.
It was soon realized that, although initially introduced [29] to provide a new explanation for infrared effects in
gravity, the ghost-condensation mechanism has many applications in cosmology at ultraviolet scales. For example,
it can be used [30] to provide a new mechanism for inflation. It was realized in [31] that the ghost condensate
mechanism can also provide stable violations of the null energy condition and thus used to construct non-standard
cosmologies, including bouncing ones. Ghost condensation was used in [32, 33] to provide non-singular versions of
Ekpyrotic cosmology. In this paper we make use of the ghost condensation mechanism to construct a non-singular
matter bounce.
The outline of the paper is as follows. In the following section we briefly review the idea of ghost condensation. In
Section 3 we work out the requirements for the ghost field potential V (φ) in order to obtain a bounce, in particular a
bounce which is stable against the addition of radiation and anisotropic stress. In Section 4 we discuss the transfer of
cosmological fluctuations through the ghost bounce phase. The final section contains our conclusions and a discussion
of the results.
To set the notation, we work in terms of a spatially flat Friedmann-Robertson-Walker background with metric
ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2) , (1.2)
where a(t) is the scale factor, t is the physical time and x, y and z are the co-moving spatial coordinates. The Hubble
expansion rate is H(t) = a˙/a.
II. GHOST CONDENSATION
The Lagrangian of ghost condensation takes the following general form
L = M4P (X)− V (φ) , (2.1)
where M is the characteristic mass scale of ghost condensation and we follow the usual convention in the ghost
condensation literature to take φ to have dimensions of length such that X is dimensionless. To obtain a ghost
1 This leads to the BKL [26] chaotic behavior at the “Big Crunch” singularity.
3condensate, the function P (X) must have a non-trivial minimum. To avoid a cosmological constant problem, we set
the value of P at the minimum to be zero. We will use the prototypical example
P (X) =
1
8
(X − c2)2 , (2.2)
where c is a dimensionless constant which has nothing to do with the speed of light (we are following the notation
of the original papers on ghost condensation). The ghost condensate necessarily breaks Lorentz invariance. The
homogeneous and isotropic ground state corresponds to the background scalar field configuration
φ = ct . (2.3)
The equation of motion of the ghost condensation field is
(P ′ + 2φ˙2P ′′)φ¨+ 3HP ′φ˙ = −M−4 ∂V
∂φ
, (2.4)
where P ′ ≡ ∂P∂X .
The analogs of the Friedmann equations obtained by coupling the homogeneous and isotropic ghost condensate to
Einstein gravity are
3M2pH
2 = M4
(
2XP ′ − P )+ V + ρm , (2.5)
and
2M2p H˙ = −2M4XP ′ − (1 + wm)ρm . (2.6)
We have assumed that in addition to the ghost condensate, there is also regular matter with energy density ρm and
equation of state w = wm, where w is the ratio of pressure density to energy density.
Let us now consider homogeneous fluctuations π about the ghost condensate field, i.e.
φ(t) = ct+ π(t) . (2.7)
Inserting into (2.5) and (2.6) we obtain the following expressions for the energy and pressure densities of the homo-
geneous π field:
ρX = M
4c3π˙
(
1 +O( π˙
c
)
)
+ V , (2.8)
ρX + pX = M
4c3π˙
(
1 +O( π˙
c
)
)
. (2.9)
In order to obtain a cosmological bounce, it is necessary to cancel the positive energy density of regular matter with
the negative energy density of the ghost condensate. This can be achieved by having negative π˙. To complete the
system of equations for the fluctuations of the ghost condensate, we write down the variational equation with respect
to φ. To leading order in O( p˙ic ) it is
c2a−3∂t
(
a3π˙
)
= −2M−4∂V
∂φ
. (2.10)
By inserting the ansatz (2.7) into the Lagrangian (2.1) it follows that P ′ + 2φ˙2P ′′ ≫ 0 is the necessary condition
for the theory expanded about the condensate to be ghost free.
III. BOUNCE INDUCED BY A GHOST CONDENSATE
In the absence of regular matter, a ghost condensate leads to a cosmological bounce if the ghost field potential
energy (which we assume to be positive) is cancelled by the negative ghost condensate energy. To leading order in
O( p˙ic ) the condition for the bounce point is
M4c3π˙ = −V . (3.1)
4The second Friedmann equation, i.e. (2.6), then implies that H˙ > 0 at the bounce point, i.e. the scale factor indeed
makes a transition from a contracting phase to an expanding phase.
To obtain a bounce, it is necessary to have a non-trivial potential V (φ) since in the absence of a potential the
equation of motion (2.10) implies
a3π˙ = const (3.2)
and hence the bounce condition, which in the absence of a potential is π˙ = 0, cannot be reached.
To obtain a matter bounce, we must consider the equations of motion in the presence of regular matter. We assume
that the universe begins at very large negative times with the ghost condensate in its ground state X = c2 (or π = 0).
The energy density in regular matter increases in time as
ρm(t) ∼ a(t)−3(1+wm) . (3.3)
We are interested in the cases of cold matter (wm = 0) and radiation (wm = 1/3), or in anisotropic stress for which
wm = 1. From (3.2) it follows that in the absence of a potential V for φ
ρX ∼ a−3 . (3.4)
Hence, the ghost energy density cannot catch up with the matter energy density and no bounce is possible. Thus we
conclude that, as in the case without matter, also in the presence of matter it is necessary to introduce a potential
V (φ) in order to obtain a bounce.
In order to obtain a bounce, the energy density in the ghost field must increase sufficiently fast:
ρX ∼ a(t)−p , (3.5)
where p > 3 is the minimal requirement, p > 4 is required if the bounce is to be stable against the presence of regular
relativistic radiation, and p > 6 is required if the bounce is to be stable against the presence of anisotropies.
In order for the ghost energy density to increase faster than a−3, we require
∂t
(
a3π˙
)
< 0 (3.6)
and hence from (2.10)
∂V
∂φ
> 0 . (3.7)
We assume that the ghost field φ starts at large negative values. Hence, we make the following ansatz for our
potential
V (φ) = V0M
−αφ−α , (3.8)
where V0 is a constant with units of potential energy density which sets the overall scale of the ghost energy density,
and α is a constant to be determined by the requirement that the ghost energy density increases sufficiently fast.
This potential diverges at φ = 0. However, we know that the ghost condensate Lagrangian should only be trusted at
energy scales lower than M4. Hence, we will assume that the divergence of the potential is cut off when the potential
reaches this value. For example, we can assume that the potential tends smoothly to the limiting value M4 which is
taken on at φ = 0 (see Fig. 1 for a sketch of this potential).
Let us now derive the condition on α for which a non-singular bounce which is stable even in the presence of
anisotropies will arise. For this, we return to the equation of motion (2.10) which after inserting the ghost fluctuation
ansatz (2.7) and expanding to leading order in π˙ becomes
c2∂t
(
a3π˙
)
= −2a3M−4−α ∂V
∂φ
. (3.9)
Inserting the form of the potential (3.8), the ansatz for the field φ from (2.7), and working in the range of times for
which |ct| ≫ |π| yields
π¨ + 3Hπ˙ = 2c−2V0M
−4−αα(ct)−(α+1) . (3.10)
5Φ
V
FIG. 1: Sketch of the effective potential of the ghost condensate field.
We want to derive the condition on α such that in a background dominated by matter with an equation of state
parameter w, the energy density of the ghost kinetic term which is proportional to π˙ increases faster than the energy
density in matter as the universe contracts. Hence, we insert the following form of the scale factor
a(t) = (
−t
t0
)2/(3(1+w)) (3.11)
into (3.10). We see that the source term (the right hand side of (3.10) leads to
π˙ ∼ t−α . (3.12)
and the condition for the ghost kinetic energy density to grow faster than the matter energy density is
α > 2 . (3.13)
Since we wish the potential to be an even function of φ, we can choose α = 4. In this case the model is marginally
stable against the addition of anisotropic stress. The case α = 6 would provide a model which is stable.
Let us now summarize the evolution of the background cosmology in our ghost bounce model. We begin at t→ −∞
in a contracting, matter-dominated phase with ghost condensate field φ→ −∞ and the ghost condensate in its ground
state with π = 0. The energy density of the universe is initially dominated by non-relativistic matter. As the universe
contracts, first radiation with w = 1/3 and then anisotropic stress with w = 1 take over. However, the energy density
in the ghost condensate grows faster than any of these energy densities and, at some point sufficiently close to t = 0
begins to dominate. Note that both the negative energy of the ghost kinetic term and the positive potential energy
of the ghost field increase at the same rate. Eventually the ghost field φ reaches the value when the potential flattens
out. At this point, the negative kinetic contribution to the ghost energy catches up, and the bounce point H = 0
is reached. Since at this point π˙ < 0 we have H˙ > 0 and the universe begins to expand. The ghost field evolves
to positive values, and both the ghost potential and kinetic energies begin to decrease rapidly, allowing the energy
densities of anisotropic stress, radiation and cold matter to dominate again.
The evolution of the background has been studied numerically and the results are presented in Figures 2 - 5. In
all four figures, the horizontal axis is time in Planck units. The vertical axis is φ, φ˙, and H respectively. There is a
nonsingular bounce at time t = 0. The graphs are based on solving Eqs. (2.4) and (2.5) using Mathematica, beginning
the evolution at the bounce point t = 0 where “initial” conditions (again in Planck units) φ(0) = 0 and φ˙(0) =
√
2/3
are chosen. The value of M was taken to be M = 2× 10−3, and the potential was taken to correspond to α = 4, with
a value of V0 such that
V (φ) =
1
φ4 + 1012
. (3.14)
The energy density of matter sector was taken to be ρm(0) = 10
−12. As is obvious from the graphs, a smooth
nonsingular bounce results.
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FIG. 2: Evolution of the ghost field φ as a function of time in our numerical simulation.
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FIG. 3: Evolution of the ghost field velocity φ˙ as a function of time in our numerical simulation.
IV. A FIRST LOOK AT COSMOLOGICAL PERTURBATIONS IN THE GHOST CONDENSATE
MODEL
A. Generating a Scale-Invariant Spectrum
In this section, we will show that the perturbations induced by the ghost condensate do not change the primordial
spectrum of curvature fluctuations induced by regular matter in the contracting phase. Thus, in the matter bounce
background the scale-invariant spectrum of fluctuations on scales which exit the Hubble radius during the mater-
dominated phase of contraction will not be distorted by the ghost condensate, neither in the contracting nor in the
bounce phase. First, in this subsection, we review how a scale-invariant spectrum of curvature fluctuations arises in
the matter bounce scenario.
To set the framework, we present in Figure 6 a space-time sketch of a matter bounce. The horizontal axis is space,
the vertical axis is time, and the bounce time is t = 0. We are interested in fluctuations on scales which are currently
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FIG. 4: Evolution of the Hubble parameter H as a function of time in our numerical simulation.
7observable, and assume that these scales exit the Hubble radius in a matter-dominated phase of contraction. This
assumption is not very restrictive. If the bounce cosmology background is time-symmetric and the expanding phase
corresponds to our currently observed universe, then the assumption is satisfied for all scales on which the primordial
matter power spectrum is currently well measured 2. If the bounce is not time-symmetric, then according to the
Second Law of Thermodynamics the expanding phase will have more entropy than the initial collapsing one and the
radiation phase is shorter than in the case of the symmetric bounce, which means that a wider range of scales exits
the Hubble radius in the matter-dominated phase.
As shown in the Figure, scales of cosmological interest today exit the Hubble radius during the matter-dominated
phase of contraction. If the bounce takes place at an energy scale comparable to that of Grand Unification, then the
current Hubble radius corresponds to a physical length of about 1mm at the bounce. This scale is in the far infrared
compared to the scale which sets the physics of the bounce.
FIG. 5: A sketch of the evolution of perturbations with different comoving wave numbers k in the matter bounce. The horizontal
axis represents comoving coordinates, the vertical axis is time, with the bounce point being t = tB. The two vertical lines
correspond to the wavelengths of two different scales, the thick black curve gives the Hubble radius.
The theory of cosmological perturbations in the model with both regular matter and a ghost condensate in general
FRW background was worked out in [35]. Our goal here is to show that the presence of the ghost condensate and its
induced curvature fluctuations will not mess up the scale-invariant spectrum of perturbations resulting from regular
matter in a matter-dominated phase of contraction. We have to show first that the ghost fluctuations in the matter-
dominated phase of contraction do not grow faster than the fluctuations without the presence of the ghost field.
Secondly, we need to show that the curvature fluctuations which are induced by the coupling between regular matter
and the ghost field are negligible, and thirdly, we need to show that the spectrum of fluctuations on scales of relevance
to current cosmological observations is not changed during the short phase where the ghost condensate dominated
the dynamics.
We begin with the general framework of metric fluctuations. Working in in longitudinal gauge (see [36] for a
comprehensive review of the theory of cosmological perturbations) the metric including scalar fluctuations take the
form
ds2 = −(1 + 2Φ)dt2 + a(t)2(1− 2Ψ)dx2 , (4.1)
where Φ and Ψ are the two gravitational potentials which depend on space and time and encode the metric pertur-
bations. Since there is no anisotropic stress at linear order (both in the regular matter sector and in the ghost matter
Lagrangian), we have Ψ = Φ as a consequence of the perturbed off-diagonal spatial Einstein equations. The remaining
potential Φ is the relativistic generalization of the Newtonian gravitational potential.
To describe fluctuations on super-Hubble scales, it is more convenient to use the fluctuation variable v in terms of
which the action for canonical fluctuations has canonical form [37]. If matter is a simple scalar field ϕ, then v can be
2 This background predicts a kink in the matter power spectrum on scales which can be probed by Lyman α observations - see [34] for a
discussion of this point.
8expressed in terms of the matter and metric fluctuations δϕ and Φ via
v = a
[
δϕ+
z
a
Φ
]
(4.2)
where z is a function of matter and metric background whose form does not concern us here (see [36] or [38] for an
introductory review). Closely associated with v is the variable ζ, the curvature fluctuation in co-moving gauge (called
unitary gauge in the ghost condensate literature):
ζ = a−1v . (4.3)
In an expanding universe the dominant of the two modes of ζ has constant amplitude. However, in a contracting
universe the dominant mode of ζ is increasing on super-Hubble scales. In fact, in a matter-dominated phase of
contraction the dominant mode of v scales as (see [7, 8] for the original works and [9] for recent reviews)
v(t) ∼ t−1/3 , (4.4)
and hence
ζ(t) ∼ t−1 . (4.5)
The above is exactly the growth rate needed to convert an initial vacuum spectrum for fluctuations on sub-Hubble
scales into a scale-invariant spectrum on super-Hubble scales. We briefly review the argument. The vacuum spectrum
for the canonical fluctuation variable states that
v(k, t) ∼ k−1/2 (4.6)
on sub-Hubble scales in the contracting phase. The condition for the time tH(k) when the scale k crosses the Hubble
radius is
tH(k) = k
−1a(tH(k)) . (4.7)
Making use of the scaling (4.5), the vacuum initial conditions (4.6) which hold until Hubble radius crossing, and the
Hubble radius crossing condition (4.7) we obtain
ζ(k, t) =
tH(k)
t
a(tH(k))v(k, tH(k)) ∼ tH(k)1/3v(tH(k)) ∼ k−1k−1/2 , (4.8)
which corresponds to a scale-invariant power spectrum. Note that in the last step we have used the scaling tH(k) ∼ k−3
which holds in a matter-dominated phase of contraction.
Thus, we have shown that vacuum fluctuations which exit the Hubble radius during a matter-dominated phase of
contraction acquire a scale-invariant spectrum of perturbations on super-Hubble scales. This spectrum is maintained
if the background equation of state changes when radiation starts to dominate. We will have to show that the presence
of a ghost condensate does not change the evolution of the fluctuations in the contracting phase, and that the spectrum
is not distorted in the phase dominated by a ghost condensate.
B. The Evolution of Ghost Perturbations
Let us now turn to the ghost matter sector. Introducing a fluctuating field π(t,x) which depends both on space
and time, the Lagrangian to quadratic order in π about a non-trivial background π˙0 (the π˙ appearing in the previous
section) is [31]
L = 1
2
M4π˙2 + H˙M2pl(∇π)2 −
1
2
M˜2(∇2π)2 , (4.9)
where ∇ is the spatial gradient operator. Note that to leading order in π, no quartic order spatial gradient terms
appear if we only use the Lagrangian (2.1), and to obtain (4.9) we had to introduce higher derivative terms, following
[29, 31]. To derive the form of the second term in (4.9), we made use of the ghost background equations of the previous
section.
9By working in unitary gauge in which ζ appears directly as the fluctuation of the diagonal term in the spatial
metric, it was shown in Section 3.3 of [31] that for long wavelength modes
ζ˙ ∼ a−3 ∼ t−2 , (4.10)
where we have used the matter-dominated scaling of a(t) in the last step. By comparing (4.5) and (4.10) we see that
the matter and ghost-induced fluctuations grow at the same rate on large scales.
To show that the presence of a ghost condensate sector will not change the dominant contribution to the spectrum of
cosmological fluctuations in the phase before the ghost condensate begins to dominate, we need to study the spectrum
of the metric fluctuations induced by the presence of coupling between the matter and ghost sector. To do this, we
make use of the equations for the metric fluctuation variable Φ which were derived in [35].
As matter we consider a ghost condensate in addition to a matter fluid, and we focus on a matter-dominated
contracting background. Thus, the Einstein equations are
M2plGµν = T
(φ)
µν + Tµν , (4.11)
where we use a superscript (φ) to denote the ghost condensate part. We split Φ into the contribution Φm which would
be obtained in the absence of matter fluid, and a term Φg which is induced by the presence of the ghost:
Φ = Φm +Φg . (4.12)
If we neglect the anisotropic stress and entropy perturbation, the general equations of motion for Φ are [35]
∂tΦg +HΦg =
α
2
k
2
a2
χ
∂tχ =
(M2
M2pl
− 2
M2
k
2
a2
)
Φg + Sχ , (4.13)
where α = M˜2/M2 and the source term is given by
M2pl
k
2
a2
Sχ =
M2
2M2pl
δρ ,
k
2
a2
Φm =
δρ
2M2pl
. (4.14)
Note that the two equations in (4.13) come from combining all of the perturbed Einstein equations, i.e. the 0 − 0,
0− i, and i− i components. Thus, the set of these equations is complete. Combining these two equations we obtain
the following equation of motion for the Newtonian potential:
∂2tΦg + 3H∂tΦg + (2H
2 + H˙)Φg +
α
M2
(
k
2
a2
)2
Φg − αM
2
2M2pl
k
2
a2
Φg =
α
2
M2
M2pl
k
2
a2
Φm . (4.15)
This equation can be simplified by factoring out the expansion/contraction of space via defining the new variable
Φ˜ = a(t)Φ, and by working with conformal time τ defined via dt = a(t)dτ . Then, the equation of motion for the
Newtonian potential can be rewritten as
Φ˜′′g +
81α
M2
k
4t40
τ4
Φ˜g − αM
2
2M2pl
k
2Φ˜g =
α
2
M2
M2pl
k
2Φ˜m , (4.16)
where a prime indicates the derivative with respect to τ . We have already used the matter contracting background
a = tt0
2/3
(where t0 is some reference time) to get the above equation.
We will solve (4.16) in the large wavelength approximation in which we neglect the k4 term. Then, the general
solution is a combination of the general solution Φhg of the homogeneous equation and a particular solution Φ
p
g of
the inhomogeneous equation which can be determined by the Green function method. To simplify the notation we
introduce the constants where
β ≡ 81α
M2
,
γ ≡ αM
2
2M2pl
(4.17)
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The general solution of the homogeneous equation is
Φ˜hg = c1e
k
√
γτ + c2e
−k√γτ , (4.18)
where c1 and c2 are constants which multiply the two basis solutions of the equation C1(τ) and C2(τ), respectively.
The Wronskian ǫ(τ) obtained from the two basis solutions is
ǫ(τ) = (2k
√
γ)−1 (4.19)
in terms of which the particular solution Φpg becomes
Φ˜pg(τ) = C1(τ)
∫
dτ
′
ǫ(τ
′
)C2(τ
′
)S(τ ′ )− C2(τ)
∫
dτ
′
ǫ(τ
′
)C1(τ
′
)S(τ ′ ) , (4.20)
where S(τ) is the source term in (4.16). Recall that the general solution for Φm on super Hubble scales [8] is
Φ˜m = a(t)Φm = Dτ
2 +
S
τ3
, (4.21)
where D and S are constants. Inserting this equation into the source term in (4.16), and approximating the mode
functions C1(τ) and C2(τ) of the homogeneous equations as constant (which is justified over short time intervals for
long wavelength modes), we obtain the following approximate form for the particular solution
Φ˜pg(τ) ≃ k2γτ
(D
3
τ3 − S
2
τ−2
)
. (4.22)
Note that the effects of the k4 term in the equation of motion (4.16) can be included to leading order using the Born
approximation. In this approximation, the contribution to Φ˜g induced by the k
4 term is obtained by taking the k4
term to the right-hand side of (4.16), evaluating it for the homogeneous solution Φ˜hg , and using it as a second source
term in (4.20) to obtain a second contribution to the particular solution. This source term scales as τ−4, and hence its
contribution to Φ˜pg will scale as τ
−2, it also grows slower than Φ˜m. On the other hand, the spectrum is suppressed by
a factor of k3 and is thus highly blue and completely negligible on scales relevant to current cosmological observations.
Returning to the contribution to Φ˜pg which dominates on large scales, we conclude that on super-Hubble scales the
leading term comes from Φ˜pg and is
Φg ∼ a(t)−1Φ˜g ∼ k
2γS
τ3
. (4.23)
Comparing with the matter perturbation
Φm ∼ S
τ5
, (4.24)
we see that the perturbation spectrum of the terms generated by the ghost condensate is blue, and that it grows more
slowly than the contribution from the matter sector. This is a self consistent result. As analyzed at the beginning
of this section, the spectrum of the perturbations induced by matter is scale-invariant because the amplitude of
the perturbations which cross the Hubble radius at an earlier time grows and catches up to the amplitude of the
perturbations which cross the Hubble radius at a later time in the contracting phase. Since the perturbation induced
by the ghost condensate grows slower than that induced by matter, the perturbations which cross the Hubble radius
at an earlier time cannot catch up to the amplitude of the perturbations which cross the Hubble radius at a later
time, and thus the spectrum is blue. The scale-invariant spectrum of the perturbations induced by matter will be
preserved in the contracting phase.
The third step is to show that the spectrum remains unchanged around the bounce phase. We only need to show
that the amplitude of the curvature fluctuation induced by the ghost condensate will not grow too much during the
bounce phae. This can be seen easily from Eq.(4.15). Since the duration of bounce phase is very short and scale
factor a(t) is almost a constant we can parameterize the background as follows:
H = θ · (t− tB) , (4.25)
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where tB is the time at the bounce point, and θ is a constant with θ ≫ H2c , where Hc is the value of H at the matching
surface between the contracting phase and the bounce phase 3 . On scales of interest to current observations we have
k2
a2 ≪ H2c ≪ θ, and thus Eq.(4.15) can be rewritten as
∂2tΦg + θΦg = 0 , (4.26)
the solution of which is
Φg = d1e
i
√
θt + d2e
−i
√
θt . (4.27)
Since the bounce phase is so short we thus have
Φg(t) ≃ Φcg (4.28)
also at the end of the bounce phase (where Φcg is the Newtonian potential induced by the ghost condensate at the
beginning of the bounce phase). The perturbation induced by the ghost is almost the same as at the end of the
contracting phase.
Note that near the bounce point the perturbation re-enters the Hubble radius for a very brief time interval, but
k2 ≪ θ is still true since scale factor is almost a constant during the bounce phase, and thus Eq. (4.26) is still valid
for describing the perturbations near bounce point. We thus see that, as long as the perturbations induced by the
ghost are unimportant during the contracting phase, they will also be unimportant during the bounce phase.
Previous work in the context of a wide range of non-singular bouncing models (see e.g. [14, 19, 21, 23, 24]) has
shown that the matter-induced fluctuations do not change during the bounce phase. Thus, we conclude that the full
spectrum of cosmological perturbations in our model does not change during the bounce phase.
C. Stability of Ghost Perturbation
As derived in Section 3.3 of [31], the action for the curvature fluctuation variable ζ is
S =
∫
d3xdta3(t)
[
A(t)ζ˙2 +B(t)(
∇ζ
a
)2 + C(t)(
∇2ζ
a2
)2
]
, (4.29)
where the coefficient functions A(t), B(t) and C(t) are given in the Appendix. Near the bounce point we can take
the scale factor to be a constant and neglect the terms proportional to H which appear in the coefficient functions.
Then, for each Fourier mode we obtain a harmonic oscillator equation, and the dispersion relation is
ω2 =
−(M˜2M4 + 4M4plH˙)k2 + 2M2plM˜2k4
2M2plM
4
. (4.30)
As is obvious from (4.30), there is an instability for all long wavelength modes. In fact, the instability is a
combination of two instabilities which can be seen [29, 31] at a heuristic level, the first being a gradient instability
which appears if H˙ > 0 as it is near the bounce, and the second a Jeans type instability. These are due to the second
and first terms, respectively, in the coefficient of the k2 term in (4.30). It is easy to determine the value of k for which
the instability is the strongest. The exponent ωc of the instability is
ωc =
1
4
M˜M2
M2pl
+ H˙
M2pl
M2M˜
. (4.31)
We will now argue that the bounce period is too short for this instability to change the spectrum of cosmological
perturbations. To estimate the time period ∆t of the bounce, we use
∆tφ˙ = ∆φ , (4.32)
3 Note that this implies that the duration δt of the bounce phase satisfies
√
θδt≪ 1.
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where ∆φ is the interval of φ corresponding to the bounce. We will estimate this distance by the field value for which
the potential (3.8) approaches its maximal value which we take to be V (φ) =M4. This gives
∆φ ∼ M−1( V0
M4
)1/α
. (4.33)
Inserting φ˙ ≃ c and setting the constant c = 1 we obtain
∆tωc ∼
( V0
M4
)1/α[1
4
M˜M
M2pl
+ H˙
M2pl
M3M˜
]
. (4.34)
The first term in the square bracket is clearly much smaller than one. To estimate the value of the second term, we
make use of (2.6) and (2.9) to estimate the value of H˙ :
H˙ ∼ M
4π˙
M2pl
(4.35)
with which the second term in the square bracket of (4.34) is of the order of π˙ which cannot be larger than order
unity. Thus, if V0 ≪M4 then
∆tωc ≪ 1 , (4.36)
and the instability in the ghost condensate phase does not have time to develop.
V. DISCUSSION AND CONCLUSIONS
In this paper we have presented a realization of the “matter bounce” by means of a ghost condensate. Compared to
other realizations of the matter bounce using a modification of the matter sector, our model has several advantages:
first of all, there is no ghost in the perturbative spectrum of states. Secondly, the background cosmology is stable
against the addition of both regular radiation and of anisotropic stress, the latter implying that our model will likely
be free of the chaotic mixmaster behavior which plagues many models.
We have also studied the evolution of cosmological perturbations through the bounce. We considered metric
fluctuations on super-Hubble scales in a model with both background matter (a perfect fluid with equation of state
p = 0) and a ghost condensate. We have shown that the ghost-induced fluctuations grow less fast during the contracting
phase than the curvature perturbations in a pure matter model, and that in addition they have a blue spectrum.
Hence the scale-invariance of curvature fluctuations on super-Hubble scales in the contracting phase (assuming that
the inhomogeneities originate as quantum vacuum fluctuations) is maintained. Since the curvature perturbations
which are induced by the gravitational coupling between ghost condensate and regular matter have a blue spectrum
they are irrelevant on scales of interest to current cosmological observations. Finally, we have studied the evolution of
the fluctuations through the bounce phase, a phase dominated by the ghost condensate. There is a gradient instability,
but the bounce phase is sufficiently short such that this instability has no time to develop.
In conclusion, we have shown that our ghost condensate background cosmology provides a realization of the matter
bounce alternative to inflation for generating a scale-invariant spectrum of adiabatic fluctuations.
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Appendix A: Jeans instability during late time evolution
In this subsection we discuss the Jeans instability during late time evolution. The scalar excitation of the ghost
condensate gives rise to an instability of the vacuum analogous to the Jeans instability of pressureless matter coupled
to gravity. The length and time scales associated with the Jeans instability are
LJ ∼ Mp
M2
, TJ ∼
M2p
M3
. (A1)
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Any fluctuation with length scale larger than the Jeans length will be unstable. Jeans collapse produces lots of lumps
of scalar excitation, and the universe will be filled with lumps. These lumps may produce phenomenona which are
inconsistent with current cosmological observations, like excess lensing of light, supernova time delays and so on.
These effects increase in magnitude as M increases. If matter is dominated by the ghost condensate field as will
be the case if the ghost condensate is used to model dark energy, an upper bound on the energy scale M of ghost
condensation has been derived in Ref. [39]:
M < 100GeV . (A2)
However, in our model in which the ghost field potential term plays an important role, the ghost condensate only
dominates matter around the bounce point. Thus, our model is free from the above constraint. For example, if we set
α = 4 which corresponds to the ghost condensate being marginally stable against anisotropic stress, then the energy
density of the ghost condensate scales as a−6, and will be diluted away rapidly at late times in the post-bounce phase.
It is a standard result in the theory of cosmological perturbations (see e.g. [40, 41] for textbook discussions) that
fluctuations in a subdominant component are held back and cannot grow more than logarithmically on scales where
the fluctuations in the dominant component are stable. For example, matter fluctuations in the radiation epoch of
Standard Cosmology only grow logarithmically on sub-horizon scales. This implies that the ghost condensate does
not clump in the radiation phase of Standard Cosmology, and that the ghost fluctuations track the usual matter
fluctuations in the matter epoch. Hence, in our model there are no constraints from late time cosmology on the scale
M .
Appendix B: Various Coefficients
In this subsection we give the expressions for the coefficient functions A(t), B(t) and C(t) which appear in (4.29).
They are taken from Section 3.3 of [31]:
A(t) =
2M4Pl
(
M4 − 9M2H2 − 2M2Pl H˙
)
4M4PlH
2 +M
2
M4
(B1)
B(t) =
M2Pl
(4M4PlH
2 +M
2
M4)2
[
−24M6PlM
2
H4 +M
2
(M4 − 2M2PlH˙)(M4M
2 − 4M4PlH˙)
+ 4H2(M4M4PlM
2
+ 4M8PlH˙)− 8M6PlM
2
HH¨
]
(B2)
C(t) = − 2M
4
PlM
2
4M4PlH
2 +M
2
M4
. (B3)
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